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MAGNETOHYDRODYNAMIC SHOCK STRUCTURE I N  A MOVIN G 
MAGNETIC FIELD 

ABSTRACT 

m e  shock s t r u c t u r e  around a cylinder immersed i n  a cold c o l l i s i o n l e s s  

plasma stream containing a waak magnetic f i e l d  has  been inves t iga t ed  i n  two 

dimensions. The stream pressure on the boundary of t h e  sheath i s  proport ional  

t o  cos IJI where $ i s  the  angle between the stream v e l o c i t y  and the  normal t o  

the  sheath.  The thickness  of the  sheath and p a r t i c l e  dens i ty  i n  the  sheath 

on t h e  upstream s ide  of the  cy l inde r  have been found t o  be nea r ly  constant .  

A tear drop shaped vacuum i s  formed downstream from the  cy l inde r .  The plasma 

e l ec t rons  have e s s e n t i a l l y  a l l  the  ion stream k i n e t i c  energy i n  the  t r a n s i t i o n  

sheath upstream of the  cyl inder  but the ion stream energy is  regained down- 

stream from the  cyl inder .  The importance of t h i s  shock s t r u c t u r e  when applied 

t o  the  e a r t h ' s  magnetosphere and t h e  generation of Type I comet t a i l s  i s  

discussed b r i e f l y .  

2 

I. Introduct ion 

The s o l a r  wind, cons i s t ing  of a cold plasma flowing constant ly  a t  high 
1 2 2  

v e l o c i t y  away from the  sun, i s  now known t o  contain a weak magnetic f i e l d  

o r i en ted  somewhat perpendicular t o  the stream v e l o c i t y  vector .  Though the  

magnetic f i e l d  c a r r i e d  along i n  and moving with the  stream v e l o c i t y  i s  so weak 

t h a t  t he  magnetic f i e l d  pressure i s  only one percent of t h e  stream pressure, the 

f i e l d  prevents the p a r t i c l e s  from moving independently of one another.  The 

r e s u l t  i s  t h a t  any ob jec t  l a r g e r  than a few ion gy ro rad i i  w i l l  c r e a t e  a 

magnetohydrodynamic shock when immersed i n  the  s o l a r  wind. 
3-9 
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The d i s t i n c t i v e  fea tures  of shocks generated i n  the  s o l a r  wind a r e  caused 

by t h e  shape of the  object  c r ea t ing  the  shock and the e f f e c t  of a r r e s t i n g  t h e  

ve loc i ty  of  the  magnetic f i e l d  l i n e s  which i n i t i a l l y  must move with the  wind 

v e l o c i t y  s ince  the  stream pressure is  overwhelmingly g rea t e r  than the  magnetic 

pressure.  The plasma and i t s  f i e l d  a r e  compressed on the  upstream surface of 

c 

the  obs tac le  and much of the  stream k ine t i c  energy is  d iver ted  t o  gyromotion 

perpendicular t o  the  compressed magnetic f i e l d .  

M theory of the  magnetic pinch e f f e c t  shows t h a t  on en te r ing  the  compressed 

f i e l d  region through the  charge separat ion e l e c t r i c  f i e l d  on the  surface,  the  

plasma e l e c t r o n s  w i l l  acquire e s s e n t i a l l y  a l l  of the  k i n e t i c  energy of t h e  ion  

stream i n  the s o l a r  wind. This  energy is  returned t o  the  ion stream a f t e r  t he  

A s imple  extension of ordinary 

plasma i n  the  compressed f i e l d  reg ion  moves around t o  the  downstream s ide  of 

the  obs tac le .  

I n  the  work presented here  a s i m p l e  model i s  discussed i n  which a cy l inder  

of in tense  m g n e t i c  f i e l d  p a r a l l e l  t o  i ts  a x i s  presents  an obs tac le  t o  a cold 

plasma stream containing a weak magnetic f i e l d  p a r a l l e l  t o  the  cy l inder  a x i s .  

Besides the  inherent  i n t e r e s t  of the  model i n  understanding magnetohydrodynamic 

shoek s t r u c t u r e  under such unusual condi t ions,  the  model i l lumina tes  some gross  

a spec t s  t o  be expected i n  as t rophys ica l  problems which occur,  fo r  example, i n  

t h e  boundary of t he  e a r t h ' s  magnetic f i e l d  and i n  t h e  t a i l  rays  of comets. 

11. Physical  Charac t e r i s t i c s  of  t he  Trans i t i on  Sheath Surrounding a Cylinder 

i n  a Magnetized Plasma Stream 

The simple idea l ized  model considered here  i s  i l l u s t r a t e d  i n  Fig. 1. 
and 

A proton-electron plasma, c o l l i s i o n l e s s  /with no thermal motion, i s  streaming 

p a r a l l e l  t o  the  polar  axis with ve loc i ty  v , and encounters a cy l inder  of 
wo 

r a d i u s  R containing an a r b i t r a r i l y  intense magnetic f i e l d  s u f f i c i e n t  t o  exclude 
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t he  incident  plasma stream. ( In  general  t he  obs tac le  need 

s p a t i a l l y  varying magnetic f i e l d  pressure,  /8n, but a c y l i n d r i c a l  shape 

4 has  been introduced a t  t h e  start  t o  simplify the  d iscuss ion  of t h e  paramount 

physical  f ea tu re s  r e s u l t i n g  from the  analysis . )  F ina l ly ,  the  inc ident  plasma 

stream i s  assumed t o  conta in  a weak magnetic f i e ld f ih i ch  i s  c a r r i e d  along with 
para 1 le 1 t o  the  cy 1 inder  ax i s ,  

t he  plasma. 

of the  stream pressure and the  f i e l d  t rave l ing  with the stream velocity,uVo i s  

maintained by the  small  gyromotion of  the plasma i n  t h e  moving v e l o c i t y  frame 

The stream magnetic f i e l d  exe r t s  a pressure of only one percent 

of  t he  plasma s t r e a m .  I n  t h i s  connection i t  might be noted t h a t  t h e  prel iminary 

ana lys i s  by D r .  M. Neugebauer of the  Mariner R plasma da ta  y ie lded  an e f f e c t i v e  

plasma thermal energy of  the order  of 10-30 e l ec t ron  v o l t s  i n  a stream energy 

of the  order  of a k i l o v o l t .  
D r .  Neugebauer ' s 

/ana lys i s  was made by examining the  energy 

spread p a r a l l e l  t o  the  stream motion, b u t  the  presence of a magnetic f i e l d  and 

the  gyromotion it causes guarantees tha t  the  r e s u l t  i s  v a l i d  f o r  the  p a r t i c l e  

energy component perpendicular  t o  the  stream motion a s  well .  

The p a r t i c l e  pressure on the outer  boundary of the  t r a n s i t i o n  sheath i s  

g iven by 

= (novocos$)(m v cos$) = noyo2cos  2 + 
pP P O  

where n 

t h e  angle  between t h e  nc i rwl  t o  the  outer  boundary sur face  of the  t r a n s i t i o n  

i s  the  proton dens i ty  i n  t h e  stream m i s  the  proton mass and $ i s  
0 P 

sheath and the stream ve loc i ty  vec tor .  The second pa ren the t i ca l  f a c t o r  

r ep resen t s  the  momentum change of t h e  inc ident  p a r t i c l e s  a t  the  boundary a s  they 

e n t e r  t he  sheath. The ex te rna l  pressure confining the p a r t i c l e  and enhanced 
c- 

magnetic f i e l d  pressure i n  the  sheath a c t s  perpendicular ly  t o  the  surface.  

Hence there  i s  no change i n  p a r t i c l e  center  of motion momentum component p a r a l l e l  

t o  t he  boundary which would r e s u l t  i n  a momentum change f a c t o r  not l i n e a r l y  

dependent on cos $. 
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I 
There is, of course, a very important change i n  the p a r t i c l e  motion 

on crossing the  boundary of the sheath and t h a t  i s  t h a t  near the s tagnat ion 

c point ,  i n  pa r t i cu la r ,  much of the stream motion i s  diver ted t o  gyromotion 

perpendicular to  the magnetic f i e l d .  Although the  magnetic f i e l d  i s  too 

weak t o  cont r ibu te  e f f e c t i v e l y  t o  the pressure near t he  stagnation point ,  

i t  does cause the charges t o  r o t a t e  about the l i n e s  of force.  P a r t i c l e  

pressure,  however, dominates every other  considerat ion and the guiding center  

of the  p a r t i c l e s  a r e  caused t o  move towards decreasing pressure grad ien ts  

"dragging" the  magnetic f i e l d  l i n e s  along with them. The p a r t i c l e  pressure 

within the t r a n s i t i o n  sheath is given by 

I 

I 

I 

( 2) 
1 2 1  2 2 = - n m v  = - n m ( v  - v  ) pp 2 s p p  2 s p  0 m 

where n is  the  ion densi ty  within the sheath, v is the p r t i c l e  ve loc i ty  

component perpendicular t o  the f i e l d ,  and v i s  the ve loc i ty  of the guiding 

c e n t e r , t h a t  i s , t h e  v e l o c i t y  of  the magnetic l i n e s  of force.  The f ac to r  1 / 2  

S P 

I m 

a r i s e s  because of t he  two dimensional motion of the p a r t i c l e s  within the sheath 

as opposed t o  the  monodirectional motion of  the stream pressure.  

dimensions,where the  p a r t i c l e  motion i s  a l s o  along the l i n e s  of force, the 

f a c t o r  might be 1/3. 

I n  three 

We thus obta in  an expression fo r  the pressure equal i ty  on the boundaries 

of the sheath.  -.. 
a -  n m v 2cos 2 9 + H,2/8n = - 1 n m (v 2 - v 2 ) + (ns 2 /no 2 2  )Ho/8fi = Hc2/8n (3) 

O P O  2 s p  0 m 

where H i s  the  magnetic f i e l d  in t ens i ty  i n  the cyl inder  a t  the inner boundary. 
C 

Since the  plasma is c o l l i s i o n l e s s , t h e  magnetic f i e l d  i n t e n s i t y  i s  d i r e c t l y  

proport ional  t o  the p a r t i c l e  density,and thus the magnetic f i e l d  in t ens i ty  
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anywhere i n  the  sheath i s  (ns/no)Ho. 

t o  include fo r  similar reasons. Since n i s  propor t iona l  t o  H and/v i s  

propor t iona l  t o  H i f  the  motion i s  ad iaba t ic ,  t h e  p a r t i c l e  thermal pressure 

i s  a constant  m u l t i p l e  of the  magnetic pressure and may be included by 

Pa r t i c l e  thermal pressure would be easy 
the  square of the Sherma1 velocitYs 

P t  ' 

2 - mult iplying Ho by an  appropr ia te  f ac to r .  
p, 

The change i n  the  e x t e r n a l  pressure,bs a func t ion  of the  d is tance  along 

the  boundary of the  sheath,  1 , r e s u l t s  i n  a pressure grad ien t  which a c c e l e r a t e s  

the  plasma wi th in  the  sheath.  

( 4 )  
dP +- d n S H O  2 dnS 

m 2 2  

= - x i  d 1 (7 =I + + (vo -vm2);ir 
dvm - n m v  - n m  - -  dvm 

n s p d t  s p m d l  
0 

which may a l s o  be obtained by d i f f e r e n t i a t i n g  Eq. 3 with respect  t o  1. 

Throughout most of the  upstream s ide  

with the  p a r t i c l e  pressure and Eq.  3 

2 2 n = 2P/m (vo - v ) 
S P m 

which s a t i s f i e s  Eq. 4 s ince  the  last 

of the  cy l inder  H20 i s  neg l ig ib l e  compared 

may be approximated by 

two terms i n  Eq. 4 a r e  neg l ig ib l e  i n  

these  circumstances. 

the  upstream s ide  and n i s  near ly  constant and equal  t o  2n . 
n/2,  however, the  magnetic pressure becomes s i g n i f i c a n t  and n 

Thus, v e v  s inq  throughout the  t r a n s i t i o n  sheath on m 0 

A s  Jr approaches 

decreases  with 

S 0 

S 

1 depending on JI as 

h 

1 2 2  2 n & n o  +z (8nn m v /Ho )cos I) 
S O P O  

- (3/32) ( 8 R n  m v 2/Ho2) ' c 0 2 d  
O P O  

Using the  approximations v a l i d  on the upstream s i d e  o f  the  cy l inde r  the  

p o s i t i o n  of the o u t e r  boundary t o  the  t r a n s i t i o n  sheath is e a s i l y  obtained 

by r equ i r i ag  p a r t i c l e  conservation. 

second per u n i t  cy l inde r  l eng th  within a d i s t ance ,  y2, from the  polar  axis i s  

The number of p a r t i c l e s  a r r i v i n g  p e r  
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n y v ; the  number leaving the  t r a n s i t i o n  reg ion  per second per u n i t  cy l inder  
0 2 0  

length i s  n (r2-rl)v s i n  $ (see Fig. 2). 
0 S 

r - rl-r2 s i n  e2/2 s i n  q 2 

For a c y l i n d r i c a l  obs tac le  fo r  which 1: is cons tan t ,  e2  = q ,  and 1 

r 2 = 2 r l  ( 7 )  

I f  the  obs tac le  were not cy l ind r i ca l  a d i f f e r e n t i a l  form of the  constant  

f l u x  condi t ion,  Eq. 6,  would be r equ i r  - 

1 n 
n v d l c o s q  = ns(r2-r I v  d ( s i n  *=o - =La 
0 0  0 d l  ns r2-rl r 2  d0 

which y i e l d s  Eq. 7 i n  t h e  region where n = 2n i f  r and r a re  now regarded 

a s  funct ions of  8 .  

J r 4 4 3 d 2 ,  r2-r1 increases  f a s t e r  than r and &!L i s  less than unity.  

region,  t h e  parametric equations 5 (o r  r a the r  3) and 8 mus t  be solved 

S 0 1 2 

I f  n i s  a decreasing funct ion o f  0 , a s  i t  i s  near 0- 

In  t h i s  

S 

2 d0 

numerically.  

The magnetic pressure cannot be neglected i n  the  reg ion  

where the  stream vel o c i t y  i s  

v b v  s inJ rw0 .99  vo m 0 

and 
112  2 (vo - v ) 0.10 vo 

m 

Therefore,  on the  downstream s i d e  of t he  cy l inder ,  the  guiding cen te r  o r  

stream v e l o c i t y  i n  the  t r a n s i t i o n  sheath is  aga in  approximately v ,and the  

v e l o c i t y  perpendicular t o  t h e  f i e l d  l i nes  and v is l e s s  than 0.10 v . The 

stream expands f r e e l y  i n t o  the  vacuum behind the  cy l inder  so as t o  form a 

0 
- *  

0 0 

d i f f u s e  t r i a n g l e  shaped t a i l ,  based on simple kinematics,  which c loses  more than 

ten cy l inde r  r a d i i  downstream and leaves a turbulen t  wake as i l l u s t r a t e d  i n  

Fig. 3.  
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111. The Shock Produced Energetic Electrons i n  the  Trans i t ion  Sheath 

The preceding sec t ion  has given us a genera l  desc r ip t ion  of our  simple 

two dimensional model problem a s  i l l u s t r a t e d  i n  Figs.  1-3. A weakly 

magnetized plasma moving with ve loc i ty  v 

the  ve loc i ty  of t h e  p a r t i c l e ' s  guiding centers ,  t h a t  is ,  the  ve loc i ty  of t he  

magnetic l i n e s  of force ,  changes abrupt ly  a t  the  ou te r  boundary of  t he  

e n t e r s  a t r a n s i t i o n  sheath where 
M O  

10 11 
t r a n s i t i o n  sheath t o  a lower ve loc i ty  v Ferraro and e spec ia l ly  Dungey and 'm' 1 2  
Rosenbluth have shown how a charge separat ion l aye r  w i l l  be c rea ted  a t  any 

boundary where the  magnetic f i e l d  i s  suddenly increased on the  s ide  away 

15 
and Ses te ro  have fu r the r  from the  plasma. Bear&? Grad, 14. 

developed the theory of the  e l e c t r i c  f i e l d  on the  boundary which serves  t o  

energize the  e l e c t r o n s  a t  the  expense of t h e  p o s i t i v e  ions.  The e l e c t r i c  

f i e l d  a r i s e s  due t o  the  d i f fe rence  in  momentum between the e l ec t rons  and 

the  pos i t i ve  ions,and thus there  i s  no f i e l d  i n  any region where the  momenta 

of the  opposite charges a r e  equal. 

I n  the simple two-dimensional problem discussed i n  t h i s  paper, i t  might 

be an t i c ipa t ed  t h a t  when the  plasma enters  and passes  through t h e  t r a n s i t i o n  

sheath the  charges w i l l  have gained o r  l o s t  p o t e n t i a l  energy (depending on 

the s ign  of t h e i r  charge) as though they had passed through permeable 

condenser p l a t e s  a t  t he  boundary. 

f i e l d ,  the  e l ec t rons  w i l l  have acquired e s s e n t i a l l y  a l l  of the  i n i t i a l  stream 

Hence, i f  t he re  i s  no reverse  e l e c t r i c  

k i n e t i c  energy of the  p o s i t i v e  ions.  

. *  1 2  13 
Following Rosenbluth's ada lys i s  i n  which the  plasma did not  e n t e r  t h e  

r eg ion  of  increased f i e l d  i n t e n s i t y ,  we w r i t e ,  f o r  t h e  changed condi t ions  

of t h i s  problem, the  equat ions of motion of a charge i n i t i a l l y  moving p a r a l l e l  

t o  t h e  x a x i s  
b 4  
x =AE( x)  + % H i  m c  m 

vm) 
" = - % H (  G- 

mc Y 
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where the  coordinate  system i s  i l l u s t r a t e d  i n  Fig. 4 ,  q and m a r e  the  charge 

and mass of  t he  charged p a r t i c l e ,  E i s  the e l e c t r i c  f i e l d  perpendicular t o  

the  boundary which is tangent t o  the y,z plane,  H i s  the  magnetic f i e l d  and i s  

p a r a l l e l  t o  the  Z axis, and v i s  the ve loc i ty  of the  guiding centers  ( i o e .  

the  magnetic l i n e s  of force)  which a r e  assumed t o  be moving e n t i r e l y  p a r a l l e l  

m 

t o  the  x axis f o r  t h i s  p a r t  of  the  ana lys i s .  Eq. 1 2  i s  e a s i l y  in tegra ted  and 

y i e l d s  the  y component of t h e  p a r t i c l e  v e l o c i t i e s .  

( G-vrn)dt' 
- Q J  

mc 

Hence the  y component of the  p a r t i c l e  momenta i s  the  same fo r  both e l ec t rons  

and protons. 

The p a r t i c l e  d e n s i t i e s  a r e  inversely propor t iona l  t o  the  x component of t h e  

average ve loc i ty  of t h e  p a r t i c l e s .  To avoid the  impossibly la rge  e l e c t r i c  

f i e l d s  r e s u l t i n g  from excessive charge separa t ion  t h e  x component of t he  

average v e l o c i t i e s  of the  p a r t i c l e s  must: be kept equal  everywhere. This  

r equ i r e s  t h a t  i n  being slowed fram an i n i t i a l  v e l o c i t y  v t o  the f i n a l  guiding 

cen te r  v e l o c i t y  of Vm, t h e  

mus t  be equal  t o  the  dece lera t ion  of the ions.  

0 

x-component of t h e  dece le ra t ion  of the  e l ec t rons  

Thus Eq. 11 and 13 y ie ld  the  

equa l i ty  

* .  

where the  subsc r ip t s  e and i r e f e r  t o  e l ec t ron  and pos i t i ve  ion and q e 

Neglecting the  r i g h t  hand s ide  of t h i s  equat ion a s  being of order  m /m e i  

= -e,qi = e .  

smaller  

than t h e  l e f t  hand s ide  we obta in  the  f a m i l i a r  M theory r e s u l t  

e 

e 
E(x ) = c 2  
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I f  Eq. 13 and 14 are inser ted  i n t o E q .  11, then the in t eg ra l  of Eq.  11 

a f t e r  mul t ip l ica t ion  b y x  i s  t o  zero order i n  m /m 
e i  

X 

= v  - 2e p E (  x ' ) d x '  9 2  
x i  0 m, 

L e t  X represent the p o s i t i o n  a t  which the  incident  proton f i r s t  reaches 

the  f i n a l  guiding center  ve loc i ty ,  

compressed f i e l d  i s  constant .) then, 

M 

( i . e .  the  pos i t ion  beyond which the  vm, 

V V  

1 2 - Vm 2 ) = e c  ( x ' ) d x '  7 mi bo 

Eq.  15 has the  very obvious physical i n t e r p r e t a t i o n  tha t  the t o t a l  

p o t e n t i a l  drop f o r  -<  x < x M 

k ine t i c  energy divided by the  ion charge. 

i s  equal t o  the change i n  the  ion stream 

M For X > X charge n e u t r a l i t y  does 

not requi re  x e = f ;  only t h e i r  averages, 'm 3 must be equal .  

Since the momenta of the  electrons and protons are equa1,no fu r the r  chaxge 

separat ion takes  place;  the gyroradi i  o f  the  p a r t i c l e s  a r e  equal. 

of an ion in  the  stream m.v 

the pressure on the boundary needed t o  confine the enhanced magnetic f i e l d  

i n t e r i o r  t o  the boundary. 

The momentum 

1/ 2 has been reduced t o  (me/mi) mivo i n  exer t ing  
1 0  

The k ine t ic  energy of the  ions has been reduced, 

* The considerat ions of the  previous 1 1 2 1  
2 1 0  2 e o  2 i M '  however, from - m.v * t o  - m v + -  m v 

sec t ion  a re  s t i l l  v a l i d  s ince  the  t o t a l  p a r t i c l e  pressure i n  the t r a n s i t i o n  

layer  i s  not  a f fec ted  by the  e l e c t r i c a l  p o t e n t i a l  a t  t he  boundary s ince  the 

.e 

- _  1 '  2 .  1 2 e l e c t r o n  energy i n  t h e  t r a n s i t i o n  layer i s  -m.v - -m.v . 
2 1 0  2 i M  

A f r e e  hand drawing of the  p a r t i c l e  motion as i t  crosses  the boundary 

i s  shown i n  Fig. 5 f o r  condi t ions near t he  s tagnat ion point .  The conclusions 

a r e  e s s e n t i a l l y  urnhanged a t  other points on the boundary a s  i l l u s t r a t e d  i n  



10 

Fig. 6 i f  one considers  only the  component of the  guiding cen te r  motion 

perpendicular t o  the  boundary. The component of the  stream ve loc i ty  p a r a l l e l  

t o  t he  boundary is  the  same on both s ides  of the  boundary and the re fo re  the 

problem reduces t o  the  s tagnat ion  point  case i n  a coordinate  frame which moves 

with the  ve loc i ty  v s i n  I$ p a r a l l e l  t o  the boundary and v cos9 supplants  v 

the  s tagnat ion  point  considerat ions.  I n  acce le ra t ing  t o  near ly  the  f r e e  stream 

v e l o c i t y  aga in  i n  i t s  motion away from the s tagnat ion  poin t ,  the  motion of t h e  

plasma i n  the  t r a n s i t i o n  sheath causes the i n i t i a l  ion  k i n e t i c  energy t o  be 

recovered a t  the  expense of the  e l ec t ron  energy. 

i n  
0 0 0 

Conclusions 

A co ld  plasma stream containing a weak magnetic f i e l d  ( f i e l d  pressure much 

less than p a r t i c l e  stream pressure) w i l l  be compressed on the  upstream sur face  of  

a c y l i n d r i c a l  obs tac le  whose a x i s  i s  p a r a l l e l  t o  the  magnetic f i e l d .  The p a r t i c l e  

dens i ty  and magnetic f i e l d  i n t e n s i t y  within the  t r a n s i t i o n  sheath on the  upstream 

s ide  a r e  double t h e i r  f r e e  stream value.  The th ickness  of the  sheath i s  equal  t o  

the  cy l inde r  rad ius  over almost a l l  of the upstream sur face  and thickens s l i g h t l y  

near  t he  jo in ing  of  the  upstream and downstream sur faces  due t o  the  add i t iona l  

magnetic pressure,  however s m a l l ,  i n  the t r a n s i t i o n  sheath.  The enhanced magnetic 

pressure i n  the  t r a n s i t i o n  sheath,  however s l i g h t ,  prevents  the ions from re tu rn ing  

completely t o  t h e i r  i n i t i a l  f r ee  s t reammotion on the  downstream s ide  of the  

cy l inder .  A s  a r e s u l t ,  a plasma stream, even though the  p a r t i c l e s  i n i t i a l l y  

have a unique ve loc i ty ,  w i l l  expand i n t o  the  vacuum behind the cy l inder .  

case of a plasma with some thermal ve loc i ty  (kT/2mn) 

would be a d i f f u s e  i soce le s  t r i a n g l e  whose height  would be v 

where v 

t r i a n g l e  base .) 

I n  t h e  

the  vacuum downstream 
1 / 2  (2W/kT) 

0 

i s  the  i n i t i a l  stream ve loc i ty  and R i s  the  cy l inder  rad ius  (1/2 t h e  
0 

The enhanced magnetic f i e l d  i n  the t r a n s i t i o n  sheath c r e a t e s  a charge 

sepa ra t ion  l aye r  a t  the  boundary of the undisturbed plasma stream. 

change i n  e l e c t r i c a l  p o t e n t i a l  across  t h i s  layer  is equal  t o  h a l f  the stream 

pressure  on the  t r a n s i t i o n  sheath.  The plasma stream moves through the  charge 

separation l aye r ,  and, on en te r ing  the  t r a n s i t i o n  sheath,  the  e l ec t rons  acqui re  

a l l  t he  k i n e t i c  energy the  ions would have had perpendicular t o  the  magnetic f i e l d  

i n  t h e  absence of  the  charge separat ion layer .  

The t o t a l  

A t  t he  s tagnat ion  point  t he  
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e l e c t r o n  k i n e t i c  energy i n  the t r a n s i t i o n  sheath equals  t he  i n i t i a l  ion k i n e t i c  

energy i n  the  f r e e  stream,but elsewhere in  the  t r a n s i t i o n  sheath the  e l ec t ron  

k i n e t i c  energy equals  the  d i f f e rence  between the  ion f r e e  stream k i n e t i c  energy 

and the  ion stream energy i n  the  t r a n s i t i o n  layer .  

Astrophysical  Applicat ions 

The app l i ca t ion  of  t h i s  work t o  Type I comet t a i l s  i s  s t r a i g h t  forward and 

w i l l  be reported elsewhere. The s l i g h t  ion iza t ion  of  massive cometary molecules 

through charge t r a n s f e r  with protons i n  the s o l a r  wind causes the  in t e rp l ane ta ry  

magnetic f i e l d  l i n e s  t o  slow down d r a s t i c a l l y  i n  overcoming the  i n e r t i a  of t he  

massive cometary ions i n i t i a l l y  a t  rest. The energe t ic  e l e c t r o n s  i n  the  t ran-  

s i t i o n  sheath which forms on the surface of the  "slowed" f i e l d  l i n e s  then 

r ap id ly  and e f f i c i e n t l y  ion izes  hundreds of cometary molecules per  cc .  

ene rge t i c  e l ec t rons  w i l l  f u r the r  rap id ly  d i f f u s e  out a long the  f i e l d  l i n e s  ( a s  

suggested by Axford i n  p r iva t e  conversion) and p u l l  the  ions out along the  f i e l d  

l i n e s  so a s  t o  form the  s t r i k i n g  r a y  s t ruc tu re  known a s  Type I comet t a i l  rays .  

The 

The simple model examined i n  t h i s  paper a l s o  y i e l d s  a good q u a l i t a t i v e  

understanding of the  phenomena observed a t  the  edge of t he  e a r t h ' s  magnetic 

f i e l d  and enables  p red ic t ions  about t he  energy of the  charges i n  the  magneto- 

sheath t o  be made. 

phys ica l  dimension. I n  the  plane containing the  s tagnat ion  point  and the  

magnetic f i e l d  l i n e s  the  p a r t i c l e  pressure both ins ide  and outs ide  the  outer  

boundary o f  the t r a n s i t i o n  sheath (A.  J. Dessler  has  suggested the  name magneto- 

sheath) i s  s t i l l  proport ional  t o  cos I). The p a r t i c l e s  a r e  decoupled, however, from 

the  magnetic f i e l d  i n  the d i r e c t i o n  of  the  f i e l d ,  and conservat ion o f  magnetic 

f l u x  r equ i r e s  t h a t  the  magnetic f i e l d  in t ens i ty  be approximately independent 

of  d i s t ance  tbe  s tagnat ion  point  o r  cosq i n  the  case of a cy l inder  and t o  increase  

away from the  s tagnat ion  point  i n  the case of a sphere. Therefore,  i n  t h i s  plane 

the  shock boundary around a c i r c u l a r  surface would expand f a s t e r  than i n  the  

The sphe r i c i ty  of the e a r t h ' s  magnetosphere introduces a new 

2 

fro  n 
4 -- 

-. plane a t  r i g h t  angles  t o  the in te rp lane tary  magnetic f i e l d .  The p a r t i c l e  dens i ty  

i n  t h i s  plane away from the  s tagnat ion  point  is  l e s s  than i n  the  plane perpen- 

d i c u l a r  t o  the  magnetic f i e l d .  

communicated along the  f i e l d  l i n e s  and t h i s  introduces a complication i n  the  

a n a l y s i s  depending on the  isotropy of  the p a r t i c l e  v e l o c i t y  discussed below. 

Free hand drawings of  t he  f i e l d  l i n e s  a re  i l l u s t r a t e d  i n  Figs.  7 and 8. 

The p a r t i c l e  pressure i n  t h i s  plane i s  - not 



1 2  

Another aspect  of the  magnetosphere problem i s  t h a t  turbulence on the  sur face  

o r  the  sharp kinks produced i n  magnetic f i e l d  l i n e s  where t h e  in t e rp l ane ta ry  

b f i e l d  l i n e s  a r e  joined t o  the  l i n e s  i n  the magnetosheath w i l l  i nva l ida t e  the  

simple two dimensional ana lys i s  presented i n  t h i s  work. 

the magnetosheath w i l l  be more near ly  i so t ropic  i n  th ree  dimensions instead of 

being i s o t r o p i c  i n  two dimensions. This  causes the  p a r t i c l e  dens i ty  and f i e l d  

i n t e n s i t y  t o  be th ree  times the  in te rp lane tary  values  and the  thickness  of the  

sheath near t he  s tagnat ion  poin t  t o  be more near ly  one-half of the  radius  of 

curvature  of  t he  magnetosphere. 

The p a r t i c l e  motion i n  

Independent of these cons idera t ions  the  sudden increase  of the  magnetic 

f i e l d  i n t e n s i t y  from the  in te rp lane tary  f i e l d  value t o  the magnetosheath value 

w i l l  cause the  magnetosheath e l ec t rons  t o  have the  same momentum perpendicular 

t o  the  f i e l d  l i n e s  as the  protons do. 

perpendicular  t o  the f i e l d  l i n e s  w i l l  be monopolized by the  e l ec t rons .  The 

p a r t i c l e  energy and pressure p a r a l l e l  t o  the  f i e l d  l i n e s  w i l l  be monopolized Ly 

the  protons,  however, s ince  charge separation e f f e c t s  w i l l  cause the  e l ec t ron  

and proton v e l o c i t i e s  t o  equal ize .  

Thus the p a r t i c l e  energy and pressure 
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FIGURE CAPTIONS 
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Fig. 1 I l l u s t r a t i o n  of s o l a r  wind containing a weak magnetic f i e l d  perpen- 

d i c u l a r  t o  the  plane of t he  f igure  incident  on a cy l inde r  of radius  R. 

The arrows represent the  ve loc i ty  of t h e  f i e l d  l i n e s  ( p a r t i c l e  guiding 

centers)  i n  t h e  f r e e  stream v and i n  the  t r a n s i t i o n  sheath,  v . The 
ho, -m 

c i r c l e s  and loops represent p a r t i a l  t r a j e c t o r i e s  o f  t he  p a r t i c l e s  while 

i n  the  sheath. 

Fig. 2 Diagram of use of constant f l u x  condi t ion i n  determining the  sheath 

thickness,  r 2  - rl, by which p a r t i c l e s  leave a volume of u n i t  height  

a f t e r  en te r ing  the  volume within the  length y I 2 '  
I Fig. 3 The shock s t r u c t u r e  behind a cyl inder  of r ad ius  R. The length of the  

vacuum downstream from the cyl inder  L a R  Vo/ (vo 2 - v 2 ) 1 1 2  . 
m 

Fig. 4 The coordinate system used i n  analyzing p a r t i c l e  motion i n  a magnetic 

f i e l d  p a r a l l e l  t o  t he  z axis whose f i e l d  l i n e s  t r a v e l  with a ve loc i ty  

v 

o f  the  shock boundary. 

t o  the  l e f t  of the  shock boundary and with ve loc i ty Jm t o  the  r i g h t  
-0 

Fig. 5 Electron and proton t r a j e c t o r i e s  i n i t i a l l y  t r a v e l i n g  with a moving 

magnetic f i e l d  which i s  slowed down and compressed, downstream from the  

shock boundary. 

The geometry of t he  guiding center o r  f i e l d  l i n e  motion on both s i d e s  o f  

t h e  shock boundary f o r  oblique incidence. 

Fig. 6 

Fig. 7 Magnetic f i e l d  l i n e s  indicated by dashed line-, in f r e e  interplati.?tary 
.. 

space and i n  the transit i-on sheath L Q  the  plane containing the f i e l d  

d i r e c t  ion. 

Fig.  8 Magnetic f i e l d  l i n e s ,  indicated by dashed l i n e s ,  viewed i n  project ion 

from the upstream s i d e  a s  they diverge and s l i d e  around a sphe r i ca l  

obstruct ion bowing out most pronouncedly i n  the e q u a t o r i a l  plane. 
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Figure 5 - Electron and proton trajectories init ial ly traveling with a moving magnetic 
field which i s  slowed down and compressed, downstream from the shock boundary. 
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